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We study the quantum Fisher information (QFI) of W states analytically with respect to SU(2)
rotations in the basic decoherence channels i.e. depolarizing (DPC), amplitude damping (ADC)
and phase damping (PDC), and present the interesting behavior of QFI of W states, especially
when compared to that of GHZ states [Ma et al., Phys. Rev. A, 84, 022302 (2011)]. We find that
when initially pure W states are under decoherence, i) DPC: as decoherence starts and increases,
QFI smoothly decays; ii) ADC: just as decoherence starts, QFI exhibits a sudden drop to the shot
noise level and as decoherence increases, QFI continues to decrease to zero and then increases back
to the shot noise level; iii) PDC: just as decoherence starts, a sudden death of QFI occurs and
QFI remains zero for any rate of decoherence, therefore W states in phase damping channel do not
provide phase sensitivity. We also find that, on the contrary to GHZ states, pure or decohered W
states are not sensitive with respect to rotations in z direction and the sensitivities with respect to
rotations in x and y directions are equal to each other, implying no sudden change points of QFI
due to competition between directions.
PACS numbers: 03.67.-a, 03.67.Hk, 03.65.Ud, 03.65.Yz
Quantum Fisher information (QFI) is the natural ex-
tension of Fisher information in the quantum regime and
QFI of a parameter quantifies the sensitivity of a state
with respect to changes of the parameter [1–3]. In par-
ticular, QFI characterizes the phase sensitivity of a state
with respect to SU(2) rotations. Therefore it plays a
central role not only in estimation theory and but also in
quantum information theory. The limit on the variance
of the estimation of a parameter φ of a general density
matrix ρ(φ) is given by the quantum Cramer-Rao bound
[2, 3]
∆φˆ ≥ ∆φQCB ≡ 1√
NmF
(1)
where Nm is the number of experiments, F is the quan-
tum Fisher information and the estimator φˆ satisfies
〈φˆ〉 = φ. Considering Nm = 1, for separable states of N
particles, F ≤ N , where equality holds for coherent spin
states. Therefore the precision limit of the estimation
with the best separable states is 1/
√
N , which is called
the shot-noise limit. On the other hand, quantum Fisher
information of a maximally entangled state, such as a
pure GHZ state can reach N2, implying the limit 1/N ,
which is the fundamental limit (also called the Heisen-
berg limit). It was shown that QFI provides a sufficient
condition to recognize multipartite entanglement: If QFI
of a state surpasses the shot-noise limit, then it is mul-
tipartite entangled and it is called a “useful” state [4].
A basic property of multipartite entangled states is that
they fall into inequivalent classes such as GHZ, W and
Dicke states, and a state in one class cannot be converted
to a state in another class via local operations and clas-
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sical communication (LOCC) [5], and for several tasks a
specific multipartite entangled state is strictly required
[6]. Together with the discovery that not all multipar-
tite entangled states exceeds the shot-noise limit -even
when they are free of any decoherence [7, 8], this property
makes exploring QFI and the usefulness of each generic
state a crucial step for quantum information science, es-
pecially when the state is subjected to decoherence due to
natural effects. Recently, quantum metrology has been
studied in non-markovian environments [9] and in dis-
sipative environments [10–12]. It was shown that the
superpositions of pure Dicke states achieves larger QFI
than pure Dicke states themselves [13]. We have studied
the behavior of QFI of pure states in the superposition
of GHZ and W states of several particles [14] and QFI of
Bell states under decoherence [15]. QFI of NOON states
in relativistic channels [16] and QFI of GHZ states in
the basic decoherence channels have been studied [17].
In the latter, it was found that in all three channels,
there appears a competition between the phase sensitiv-
ities in each direction. Therefore QFI exhibits sudden
change points. Also QFI of decohered GHZ states ex-
hibit a smooth and continues decay starting from the
QFI of the pure GHZ state.
In this work, we study the QFI of W states in the
three basic decoherence channels, i.e. depolarizing, am-
plitude damping and phase damping. On the contrary
to GHZ states [17], we first show that, no matter being
pure or decohered, W states do not provide phase sensi-
tivity in z direction and the phase sensitivities in x and y
directions are equal to each other, which implies no sud-
den change points due to competition between directions.
More interestingly we show that the phase sensitivity of
W states under decoherence exhibit discontinuities such
as sudden drop in amplitude damping channel and even
sudden death in phase damping channel but exhibit a
smooth and continues decay in depolarizing channel.
2The maximal mean quantum Fisher information F¯max
of a possibly mixed state ρ of N qubits is given in [1, 17]
as
F¯max(ρ) =
cmax
N
(2)
where cmax is the largest eigenvalue of the matrix C of
which elements are given as
Ckl =
∑
i6=j
(λi − λj)2
λi + λj
[〈i|Jk|j〉〈j|Jl|i〉+ 〈i|Jl|j〉〈j|Jk|i〉],
(3)
where, λi,j and |i〉, |j〉 are the eigenvalues and the asso-
ciated eigenvectors of the density matrix of the state ρ
with the angular momentum operators on each particle
in each direction, i.e.
J−→n =
∑
α=x,y,z
1
2
nασα, (4)
σα being the Pauli matrices.
In the case of W states in these channels, matrix C
appears as diag{Cxx, Cyy, Czz} where Cxx = Cyy, Czz =
0 and the element Ckk represents the phase sensitivity in
k direction.
Decoherence channels for a density matrix ρ can be
given in Kraus representation as [18]
ε(ρ) =
∑
µ
EµρE
†
µ (5)
where the Kraus operators Eµ satisfy the completeness
relation ∑
µ
E†µEµ = 1. (6)
and 1 is the 2x2 identity matrix.
Below we will study QFI of W states in the basic de-
coherence channels. For each decoherence channel, as
in [17] we assume that each particle of the state is sub-
jected to the same decoherence effect. We find that the
general behavior of QFI of W states does not depend on
the number of particles N , and for the sake of simplicity
we present the results for a W state of three particles.
I. DEPOLARIZING CHANNEL
The Kraus operators of depolarizing channel for a sin-
gle qubit are given by
E0 =
√
1− 3
4
p1, E1 =
√
p
4
σx,
E2 =
√
p
4
σy, E3 =
√
p
4
σz ,
(7)
and the eigenvalues of a W state of three particles in
the depolarizing channel appear as λ1 =
1
8
(−2 + p)2p;
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FIG. 1: (Color online). QFI of |W3〉 in decoherence channels
with respect to the decoherence strength p. Black dot is for
a pure |W3〉 state, i.e. p = 0. Green, blue and red curves
are for a |W3〉 state in depolarizing, amplitude damping and
phase damping channels, respectively.
λ2 = − 18 (−2 + p)p2; λ3 = λ4 = 124p(8 − 6p + p2);
λ5 =
1
24
p(16−24p+11p2); λ6 = 124 (24−52p+42p2−11p3)
and λ7 = λ8 =
1
24
(4p− p3), with the associated normal-
ized eigenvectors. We do not give the eigenvectors and
the lengthy calculations but using Eq.(3) it is straightfor-
ward to show that the maximal mean QFI of a |W3〉 state
in depolarizing channel, starting from the level of QFI of
a pure |W3〉 state, exhibits a smooth decrease with re-
spect to the depolarization strength and vanishes when
the depolarization strength is maximum (see the green
curve in Fig.1). In the case of depolarizing channel, only
the starting point and therefore the steepness of the de-
crease of the QFI of W states depends on the number of
particles, and this result is similar to that of GHZ states.
II. AMPLITUDE DAMPING CHANNEL
The Kraus operators of the amplitude damping chan-
nel are given by
E0 = |0〉〈0|+
√
1− p|1〉〈1|, E1 = √p|0〉〈1| (8)
where p is the probability of decay from upper level
|1〉 to the lower level |0〉 with the damping rate γ i.e.
1 − p = e−γt/2. We find the eigenvalues of the density
matrix of a W state of three qubits as: λ1 = 1 − p and
λ2 = p, with the associated eigenvectors. Using Eq.(3)
we construct the C matrix and find the largest eigenvalue
of C matrix as λmax = 3(1 − 2p)2, therefore the maxi-
mal mean quantum Fisher information of a |W 〉 state in
amplitude damping channel with decoherence strength p
as
F¯max =
{
2.33, p = 0,
(1− 2p)2, 0 < p ≤ 1, (9)
3which shows that, as plotted in Fig.1 (the blue curve),
QFI ofW states exhibit a sudden drop to shot-noise level,
when subjected to amplitude damping noise, and as the
strength increases, QFI first vanishes and then increases
back to shot-noise level.
III. PHASE DAMPING CHANNEL
The Kraus operators for the phase damping channel
are given by
E0 =
√
1− p1, E1 = √p|0〉〈0|, E2 = √p|1〉〈1|. (10)
In the phase damping channel, the eigenvalues of |W3〉
state appears as λ1 = λ2 =
1
3
(2p − p2); λ3 = 13 (3 −
4p + 2p2) with the associated eigenvectors. Via Eq.(3)
we find that at any non-zero strength of phase damping,
QFI vanishes, i.e.
F¯max =
{
2.33, p = 0,
0, 0 < p ≤ 1, (11)
which implies a sudden death of quantum Fisher infor-
mation, as plotted in Fig.1.
In conclusion, we have studied quantum Fisher infor-
mation (QFI) ofW states with respect to SU(2) rotations
under three decoherence channels and reported the inter-
esting behavior of QFI of W states when subjected to i)
Depolarization: As decoherence starts and increases, QFI
starts at the level of pure W state, decreases smoothly
and finally vanishes with full depolarization. ii) Am-
plitude Damping: As the decoherence starts, QFI di-
rectly decreases to shot noise limit, and with the increas-
ing decoherence, QFI first vanishes and then starts to
increase, reaching the shot-noise level at full decoher-
ence; iii) Phase Damping: At any rate of decoherence,
QFI vanishes, implying a sudden death of QFI. We also
found that on the contrary to GHZ states, W states
do not provide phase sensitivity in z direction and the
phase sensitivities in x and y directions are equal to each
other. Therefore QFI of W states do not exhibit sudden
change points due to the competition between directions.
Besides the decoherence effects, quantum Fisher infor-
mation has also been studied considering photon losses
[19, 20]. On the other hand, an intense effort has been de-
voted on preparation of large-scale photonic W states in
the ideal case where no practical imperfections are taken
into account [21–24]. Therefore we believe that our work
may be useful for the efforts in preparing large scale W
states, as well as the quantum critical phenomena and
percolation in quantum networks [25, 26] when the un-
avoidable natural decoherence effects are taken into ac-
count.
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